ADDENDUM TO INVARIANT MEANS AND CONES
WITH VECTOR INTERIORS

BY
R. J. SILVERMAN AND TI YEN

1. Introduction. In the preceding paper [4] it is proved that the monotone
extension property (Hahn-Banach extension property) of a pair [G, V],
where G is a semi-group and V is a boundedly complete vector lattice whose
positive cone is sharp and has a vector interior point, is equivalent to the
property that there exists an invariant mean definable on the space of
bounded real valued functions on G. It is the purpose of this paper to remove
the interior point restriction on V.

The notations and definitions are the same as in [4] except the following
slight modification. A semi-group G has the monotone (Hahn-Banach) ex-
tension property if and only if [G, V] has the monotone (Hahn-Banach) ex-
tension property [2] for every boundedly complete vector lattice V whose
positive cone is sharp.

2. THEOREM. If G is a semi-group the following statements are equivalent:
(1) G has the monotone extension property.

(2) G has the Hahn-Banach extension property.

(3) G has an invariant mean.

The equivalence of (1) and (2) has been proved in [2], that (1) and (2)
imply (3) has been proved in [3]. One needs, therefore, only consider the
proof that (3) implies (1).

CAse A. V has reproducing positive cone K. Consider a collection
[Y, X, C, f, G] associated with V and K as in [4, Definition 1], where G is a
representation of G on Y, and G has an invariant mean. Let I" denote the set
of convex combinations of elements g&G and the identity, and let o, 7, - - -
denote the elements of I'. It is sufficient to consider the case that ¥ is spanned
by X and {oy,|c €T}, where v, is a fixed element in ¥ not in X. Since
Yo+ X)NC# Y, it may be assumed that y,>0.

Let A={xEX|x<y,}, B={xEX|x=y,}. The sets 4 and B are not
empty since (Yo+X)NC# & and (—y,+X)NC= . Consider a fixed & B.
Define W= {wCV|w=f(b)}. If wEW, then w2f(b)20. For each wE W
define

= {vE V|t = sup (v, —v) for some ¢ > 0},

{x € X| /() €V,
the subspace spanned by X, and {oy,| ¢ € T'}.
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Then

LemMa. (1) V, ts a linear subspace of V.

(2) X, is a linear subspace of X.

(3) The vector w is a vector interior point of the positive cone K,=KNV,
in Ve and K, is sharp.

(4) Vi s a boundedly complete vector lattice.

(5) For each xE X, there exists wE W such that x€ X, hence Upew X=X,
UwGW Yw =Y.

(6) gXu CXuy gcwccw(cw = Cﬂ qu)y we Wv gEG, and (y+Xu)ma ¢®,v
yE V.

(7) If x=s0yo—tryeEX, where s, t =0, then x&X,, for all w&W.

(8) The system W forms a directed system under =. If w=w,” then X ,2X,,
Vo2V, CoDChr, V2 Vi, Ky 2Ky,

(9) For every V., K. and associated [V, X, Cu, fu, G|, where f., is the
restriction of f to X, there exists a monotone invariant extension F,: YV,—7V,

of fu-

Proof of lemma. Ad (1). If v, & V., then there exist ¢, ¢’ >0 such that
tw>sup (v, —v) and fw>sup (v, —v'). Then ((44)w>sup (v+v', —v—27").
Therefore v+v' & V,,. Clearly, —v&EV, and tv&E V,, for all £>0.

Ad (2). This follows from (1) and the linearity of f.

Ad (3). That w is a vector interior point of K, follows easily from the
facts that w>0 and fw+9=0 for some ¢t>0. K, is sharp because K is sharp.

Ad (4). Let S be a subset of V,, bounded from above by v, in V,,. Then S
has a least upper bound v in V. Take any vector v; in S. There exist #;, £,>0
such that Hhw>sup (v, —v) and Lw>sup (v, —ve). Then max (¢, t)w
>sup (v1, — o1, v2, —02) Zsup (v, —v), since v; =v and —v.= —v. Hence vE V.

Ad (5). For each x&€ X, the vector w=sup (f(b), f(x), —f(x)) is in W and
xEX,.

Ad (6). X, and C, are invariant under G because f and C are invariant
under G. That every translate of X, intersects C, follows from the facts
=0, b—yo=20 and bEX,.

Ad (7). If x=(so—tr)yoEX then x=<s0b and —x=trb. Hence

sup (f(x), —f(x)) = max (s, )(b),

consequently, x& X, for every w& W.

Ad (8). This is clear.

Ad (9). Statement (9) follows from (1)-(8) and [4, Theorem 1].

Let #o=inf, cw SUPwsw Fu(¥0). The vector u, exists since 0 = Fy,(y0) =£(b),
wEW. Define F: Y-V by

F(x 4 sayo — tryo) = f(x) + (s — Huy, s, b= 0.
The function F is well defined, that is, if x+soy,—tryo=x"+s"0c"yo—t't"y,
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then f(x)+(s—t)uo=f(x")+(s'—1t)uo; or equivalently, if (se—tr)y;=xEX
then f(x)=(s—t)uo. But in this case x&EX, for every w. Therefore f(x)
= Fy,(sayo—tryo) = (s —t) Fu(yo) forallwEW. If s —¢ =0 then f(x) =0 = (s — £) u,.
If s—¢5#0 then F,(yo) =f(x)/(s—¢) is independent of w. Hence %= F,(yo).
The function F is obviously invariant under G, and by definition distributive.
To prove that F is monotone, let x+soyy—tryo>0. Consider wo& W, where
x*&EXw, and thus xE X, w=w,.
Case 1. s—t>0. For each

w = w 2 wo, Fu(x 4 soyo — trye) = f(x) + (s — )F,(y0) = 0.
Since (s—1)Fu(0) 20, f(x)+ (s—1) sUPwzw Fu(¥0) =0, and hence
f@) + (s — ¢ inf sup Fu(yo)

= f(x) + (s — Huo = F(x + soyo — trye) = 0.

CASE 2. t—5>0. x> tryo—soye and as in Case 1 f(x) = (¢ — s)uo.

All that remains to complete the proof is to remove the restriction that
V has reproducing cone.

Case B. The cone of V is not necessarily reproducing. Let V; be the sub-
space of V spanned by K, X, = {xEX[f(x)E |4} }, and let ¥, be the subspace
of Y spanned by X; and {ayol o €T} —assuming again that Y is spanned by X
and {0y,|¢ET'} and that yo>0. The subsets 4, B of X are contained in X,
for B20, B—A20 and ACB—(B—A). If x=soy,—try,, xEX, then
xZ —trb and x=(x+rd) —trb& X;. Consequently CC Yi. The collection
[V, X1, C, f1, G] together with V; and K satisfies the conditions of Case A,
where fi is the restriction of f on X,. Therefore there is a monotone invariant
extension Fi: Vi—V, of fi. Define F: Y-V by F(x+say,—tryo) =f(x)
+ Fi(sayo—try,). It is easy to show that F is well defined and, hence, is a
desired extension of f.

As an immediate corollary is a generalization of a theorem of Kreln and
Rutman [1, Theorem 3.1].

COROLLARY. Let YV be an ordered linear space whose positive cone C has a
vector interior point yo. Let G be a semi-group of operators on Y such that
g(C)CC and gyo=Nyo, gEG, where \;>0. Then if G has an invariant mean,
there is a positive distributive functional F on V with F(gy) =\,F(y), gEG.

Proof. Let G be the set of operators {z=g/\,|gEG}. Since Nogr =NN,,
G is a homomorphic image of G and y, is a fixed point of G. Let X be the one-
dimensional subspace spanned by y,. Since y, is a vector interior point
(y+X)NC# F for every y& V. Hence the function f: X—real numbers de-
fined by f(yo) =1 can be extended to a monotone function F invariant under
G. Thus F(gy) =N,F(2y) =\F(3), yE Y.
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That this corollary is a generalization of [1, Theorem 3.1] is assured by
[1, Lemma 1.1].
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